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Elliptic curves
Let p be a large prime.

E :y2 “ x3 ` Ax ` B, A,B P F̄p

P

Q

P ` Q
*

Elliptic curves are:
smooth projective curves given by affine models
such as on the left.

central objects in mathematics
from ancient Greece to Fermat’s last theorem
everywhere in modern cryptography
(70% of WWW traffic in 2018)

From now on, elliptic curves are supersingular and considered up to isomorphisms.
For the latter, we use the j-invariant,

jpE q :“ 1728
4A3

4A3 ` 27B2 P Fp2

E » E 1 if and only if jpE q “ jpE 1q.

*Non-contractual picture of a curve over F̄p.
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Hard problems in Cryptography

Let C be a cryptosystem.

Breaking the security of C is a computational problem.

Security of Ca computational problem P a computational problem Q

● If P is hard , then C is secure. ● If Q is easy , then C is broken.

● If P Õ Q, then the security of C is equivalent to the hardness of P.
Classical hard problems:

Broken by quantum computers! [Sho94]

Post-quantum candidates: Lattice-based, Code-based,
Isogeny-based cryptography (Elliptic Curves come-back!)
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Isogenies

E : y2 “ x3 ` Ax ` B

P

Q

P ` QrdegpφqsP

E 1 : y2 “ x3 ` A1x ` B 1

φpPq

φpP ` Qq “ φpPq ` φpQq

φpQq

“

φpPq ` φpQq

φ

φ̂

An isogeny φ is a "nice map" between two elliptic curves

, i.e. a rational map
inducing a group morphism, admitting a dual map φ̂, having a finite kernel, being
surjective, . . .
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Isogeny-based cryptography

CGL hash function

CSIDH key exchange

SQIsign digital signature

their security

reduce

to

?

The Isogeny Problem
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The ℓ-IsogenyPath Problem
Let ℓ ‰ p be a prime,

e.g. ℓ “ 2.

E

E 1
φ2

φ 1

φ
3

φ4

φ
5

The ℓ-IsogenyPath Problem

The Isogeny Problem

[Wes22] under GRH

The ℓ-isogeny graph has
vertices: supersingular elliptic curves

up to isomorphism
edges: isogenies of degree ℓ

Modular Polynomials

The modular polynomial ΦℓpX ,Y q of level ℓ
parametrizes ℓ-isogenies between elliptic curves:

E1 E2
ℓ-isogenous

iff ΦℓpjpE1q, jpE2qq “ 0.

The ℓ-isogeny graph is

pℓ` 1q-regular,
huge (« p{12 vertices),

rapidly mixing,
connected.
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E1 E2
ℓ-isogenous

iff ΦℓpjpE1q, jpE2qq “ 0.

The ℓ-isogeny graph is
pℓ` 1q-regular,
huge (« p{12 vertices),

rapidly mixing,
connected.
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The naive meet-in-the-middle approach

There are around p
12 nodes

Ramanujan graph:
Taking Oplog pq random steps

almost gives
a uniform distribution

Success probability for ❷ is
# stored curves

# curves «
?
p
p “ 1?

p

Complexity:
Time: Õp

?
pq

Memory:

E

E 1
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The Delfs-Galbraith algorithm [DG16]

There are around p
12 nodes

Ramanujan graph:
Taking Oplog pq random steps

almost gives
a uniform distribution

There are around
?
p nodes

defined over Fp

?

Method:
❶ Perform random walks

from E until
reaching a curve over Fp

(store the path)

❷ Perform random walks
from E’ until
reaching a curve over Fp

(store the path)
❸ Combine the paths

Success probabilities
for ❶ and ❷ are

# curves over Fp

# curves «
?
p
p “ 1?

p

Complexity (so far):
Time: Õp

?
pq

Memory: polylogppq

E

E 1

A (non-contractual) ℓ-isogeny graph over F̄p.

We would like a way to now walk only on this special set to connect the curves.
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?
pq

Memory: polylogppq

E

E 1

A (non-contractual) ℓ-isogeny graph over F̄p.

We would like a way to now walk only on this special set to connect the curves.

8 / 21



Endomorphism ring

An isogeny φ : E Ñ E is an endomorphism.
We denote EndpE q :“ tφ : E Ñ Eu Y t0u.

pEndpE q,`, ˝q is the endomorphism ring of E , where for every P P E :
pφ`ψqpPq “ φpPq ` ψpPq and pφ˝ψqpPq “ φpψpPqq.

Z ãÑ EndpE q as subring. For every n P Z, we have the endomorphism

rns : E Ñ E

P ÞÑ rnsP :“ P ` ¨ ¨ ¨ ` P
looooomooooon

n times

.

pEndpE q,`q is a lattice of dimension
● 2 i.e. EndpEq » Z ‘ αZ,

uE is ordinary.

or
● 4 i.e. EndpEq » Z ‘ αZ ‘ βZ ‘ γZ.

uE is supersingular.

9 / 21



Endomorphism ring

An isogeny φ : E Ñ E is an endomorphism.
We denote EndpE q :“ tφ : E Ñ Eu Y t0u.

pEndpE q,`, ˝q is the endomorphism ring of E , where for every P P E :
pφ`ψqpPq “ φpPq ` ψpPq and pφ˝ψqpPq “ φpψpPqq.

Z ãÑ EndpE q as subring. For every n P Z, we have the endomorphism

rns : E Ñ E

P ÞÑ rnsP :“ P ` ¨ ¨ ¨ ` P
looooomooooon

n times

.

pEndpE q,`q is a lattice of dimension
● 2 i.e. EndpEq » Z ‘ αZ,

uE is ordinary.

or
● 4 i.e. EndpEq » Z ‘ αZ ‘ βZ ‘ γZ.

uE is supersingular.

9 / 21



Endomorphism ring

An isogeny φ : E Ñ E is an endomorphism.
We denote EndpE q :“ tφ : E Ñ Eu Y t0u.

pEndpE q,`, ˝q is the endomorphism ring of E , where for every P P E :
pφ`ψqpPq “ φpPq ` ψpPq and pφ˝ψqpPq “ φpψpPqq.

Z ãÑ EndpE q as subring. For every n P Z, we have the endomorphism

rns : E Ñ E

P ÞÑ rnsP :“ P ` ¨ ¨ ¨ ` P
looooomooooon

n times

.

pEndpE q,`q is a lattice of dimension
● 2 i.e. EndpEq » Z ‘ αZ,

uE is ordinary.

or
● 4 i.e. EndpEq » Z ‘ αZ ‘ βZ ‘ γZ.

uE is supersingular.

9 / 21



Endomorphism ring

An isogeny φ : E Ñ E is an endomorphism.
We denote EndpE q :“ tφ : E Ñ Eu Y t0u.

pEndpE q,`, ˝q is the endomorphism ring of E , where for every P P E :
pφ`ψqpPq “ φpPq ` ψpPq and pφ˝ψqpPq “ φpψpPqq.

Z ãÑ EndpE q as subring. For every n P Z, we have the endomorphism

rns : E Ñ E

P ÞÑ rnsP :“ P ` ¨ ¨ ¨ ` P
looooomooooon

n times

.

pEndpE q,`q is a lattice of dimension
● 2 i.e. EndpEq » Z ‘ αZ,

uE is ordinary.

or
● 4 i.e. EndpEq » Z ‘ αZ ‘ βZ ‘ γZ.

uE is supersingular.

9 / 21



Endomorphism ring

An isogeny φ : E Ñ E is an endomorphism.
We denote EndpE q :“ tφ : E Ñ Eu Y t0u.

pEndpE q,`, ˝q is the endomorphism ring of E , where for every P P E :
pφ`ψqpPq “ φpPq ` ψpPq and pφ˝ψqpPq “ φpψpPqq.

Z ãÑ EndpE q as subring. For every n P Z, we have the endomorphism

rns : E Ñ E

P ÞÑ rnsP :“ P ` ¨ ¨ ¨ ` P
looooomooooon

n times

.

pEndpE q,`q is a lattice of dimension
● 2 i.e. EndpEq » Z ‘ αZ, uE is ordinary.

or
● 4 i.e. EndpEq » Z ‘ αZ ‘ βZ ‘ γZ. uE is supersingular.

9 / 21



Orientations

α P EndpE qzZ can be viewed as a quadratic integer with minimal polynomial

PαpX q :“ X 2 ` pα ` α̂qX ` α ˝ α̂ P ZrX s.

For any root ω of PαpX q, there is an embedding

Zrωs ãÑ EndpE q, ω ÞÑ α.

Orientation [CK20; Onu21]

Let ω be a quadratic integer. An embedding

ι : Zrωs ãÑ EndpE q

is called an Zrωs-orientation on E . We say that pE , ιq is an Zrωs-oriented curve.

We say that ι is a primitive orientation,
if for any quadratic ring O Ě Zrωs such that O ãÑ EndpE q, we have that O “ Zrωs.
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Class group action
Let SSZrωs be the set of primitively Zrωs-oriented elliptic curves, up to isomorphism.

pE1, ι1q

pE6, ι6q

pE5, ι5q

pE2, ι2q

pE4, ι4q

pE3, ι3q

pE1, ῑ1q

pE5, ῑ5q

pE6, ῑ6q

φa

ùñ paq „ p1q

Example when |SSZrωs| “ 6

Let pE , ιq P SSZrωs and a be an Zrωs-ideal

(recall ι : Zrωs ãÑ EndpE q)

Using Vélu’s formulas [Vé71],
we get an isogeny φa with kernel E ras.

The isogeny φa is horizontal,
i.e. it sends pE , ιq to another curve in SSZrωs.

Proposition [CK20; Onu21]

The class group ClpZrωsq acts freely on SSZrωs and has at most two orbits.
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pE5, ῑ5q
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Orientation over Fp

Proposition [DG16]

If p ą 3 then

E is defined over Fp ðñ ι : Zr
?

´ps ãÑ EndpE q,
?

´p ÞÑ π,

where π is the Frobenius map

π : E Ñ E ppq, px , yq ÞÑ pxp, ypq.

Corollary from [JMV09] (under GRH)

One can efficiently perform random walks over SSZrωs following a distribution close to uniform.
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The Delfs-Galbraith algorithm (Step 2)

There are around
?
p nodes

defined over Fp

E

E 1

?

Expander graph:
Taking Oplog pq random steps

almost gives
a uniform distribution

on curves defined over Fp.

Complexity of Step 2
with a naive MITM:

Time: Õpp1{4q

Memory: Õpp1{4q

Total complexity:
Time: Õp

?
pq

Memory: Õpp1{4q

Total complexity:
Time: Õp

?
pq

Memory: Õpp1{4q

Total complexity:
Time: Õp

?
pq

Memory: Õpp1{4q
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?
pq

Memory: Õpp1{4q
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Time: Õpp1{4q

Memory: Õpp1{4q
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A (non-contractual) ℓ-isogeny graph over F̄p. 13 / 21



The Delfs-Galbraith algorithm (Step 2)

There are around
?
p nodes

defined over Fp

E

E 1

?
Expander graph:

Taking Oplog pq random steps
almost gives

a uniform distribution
on curves defined over Fp.

Complexity of Step 2
with a naive MITM:

Time: Õpp1{4q
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Total complexity:
Time: Õp
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?
pq

Memory: Õpp1{4q
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The SuperSolver algorithm [CCS22]

Precompute Φ2pX ,Y q

❶ Compute roots of
Φ2pjpE q,Y q

cost2 :“ cost per node
revealed of taking

a step in the 2-isogeny graph

costℓ :“ cost per node
inspected

in the ℓ-isogeny graph

E0
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SuperSolver’s results [CCS22]

Core idea
Perform fast subfield root detection for all ℓ in the subset of
L :“ tℓ prime such that cost2 ą costℓu that minimizes the total cost of each step

cost :“
# of multiplications over Fp at each step

# of nodes inspected
.

Result
The SuperSolver algorithm has the same asymptotic complexity as the Delfs-Galbraith
algorithm but is more than 17 times more efficient in practice (for large p).
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Starting point of this ongoing work
From now on, this is joint work with Maria Corte Real Santos, David Jao, Joseph Macula, Michael
Meyer, Travis Morrison, and Eli Orvis.

Delfs-Galbraith Detection

Is there an E 1 defined over Fp such that

E E 1 ?
2-isogenous

ùñ We detect Zr
?

´ps ãÑ EndpE 1q.

SuperSolver Detection

For some ℓ such that costℓ ă cost2.
Is there an E 1 defined over Fp such that

E E 1 ?
ℓ-isogenous

ùñ We detect Zr
?

´ps ãÑ EndpE 1q.

More general configuration:

E E 1 E2

ℓ1-isogenous ℓ2-isogenous

Interesting detection:
Is E 1 defined over Fp? ùñ We detect Zr

?
´ps ãÑ EndpE 1q

Is E2 defined over Fp? ùñ We detect Zr
?

´ps ãÑ EndpE2q

Is E2 » E 1ppq? ùñ We detect Zr
?

´ℓ2ps ãÑ EndpE 1q

16 / 21



Starting point of this ongoing work
From now on, this is joint work with Maria Corte Real Santos, David Jao, Joseph Macula, Michael
Meyer, Travis Morrison, and Eli Orvis.

Delfs-Galbraith Detection

Is there an E 1 defined over Fp such that

E E 1 ?
2-isogenous

ùñ We detect Zr
?

´ps ãÑ EndpE 1q.

SuperSolver Detection

For some ℓ such that costℓ ă cost2.
Is there an E 1 defined over Fp such that

E E 1 ?
ℓ-isogenous

ùñ We detect Zr
?

´ps ãÑ EndpE 1q.

More general configuration:

E E 1 E2

ℓ1-isogenous ℓ2-isogenous

Interesting detection:
Is E 1 defined over Fp? ùñ We detect Zr

?
´ps ãÑ EndpE 1q

Is E2 defined over Fp? ùñ We detect Zr
?

´ps ãÑ EndpE2q

Is E2 » E 1ppq? ùñ We detect Zr
?

´ℓ2ps ãÑ EndpE 1q

16 / 21



Starting point of this ongoing work
From now on, this is joint work with Maria Corte Real Santos, David Jao, Joseph Macula, Michael
Meyer, Travis Morrison, and Eli Orvis.

Delfs-Galbraith Detection

Is there an E 1 defined over Fp such that

E E 1 ?
2-isogenous

ùñ We detect Zr
?

´ps ãÑ EndpE 1q.

SuperSolver Detection

For some ℓ such that costℓ ă cost2.
Is there an E 1 defined over Fp such that

E E 1 ?
ℓ-isogenous

ùñ We detect Zr
?

´ps ãÑ EndpE 1q.

More general configuration:

E E 1 E2

ℓ1-isogenous ℓ2-isogenous

Interesting detection:
Is E 1 defined over Fp? ùñ We detect Zr

?
´ps ãÑ EndpE 1q

Is E2 defined over Fp? ùñ We detect Zr
?

´ps ãÑ EndpE2q

Is E2 » E 1ppq? ùñ We detect Zr
?

´ℓ2ps ãÑ EndpE 1q

16 / 21



Starting point of this ongoing work
From now on, this is joint work with Maria Corte Real Santos, David Jao, Joseph Macula, Michael
Meyer, Travis Morrison, and Eli Orvis.

Delfs-Galbraith Detection

Is there an E 1 defined over Fp such that

E E 1 ?
2-isogenous

ùñ We detect Zr
?

´ps ãÑ EndpE 1q.

SuperSolver Detection

For some ℓ such that costℓ ă cost2.
Is there an E 1 defined over Fp such that

E E 1 ?
ℓ-isogenous

ùñ We detect Zr
?

´ps ãÑ EndpE 1q.

More general configuration:

E E 1 E2

ℓ1-isogenous ℓ2-isogenous

Interesting detection:
Is E 1 defined over Fp? ùñ We detect Zr

?
´ps ãÑ EndpE 1q

Is E2 defined over Fp? ùñ We detect Zr
?

´ps ãÑ EndpE2q

Is E2 » E 1ppq? ùñ We detect Zr
?

´ℓ2ps ãÑ EndpE 1q

16 / 21



Starting point of this ongoing work
From now on, this is joint work with Maria Corte Real Santos, David Jao, Joseph Macula, Michael
Meyer, Travis Morrison, and Eli Orvis.

Delfs-Galbraith Detection

Is there an E 1 defined over Fp such that

E E 1 ?
2-isogenous

ùñ We detect Zr
?

´ps ãÑ EndpE 1q.

SuperSolver Detection

For some ℓ such that costℓ ă cost2.
Is there an E 1 defined over Fp such that

E E 1 ?
ℓ-isogenous

ùñ We detect Zr
?

´ps ãÑ EndpE 1q.

More general configuration:

E E 1 E2

ℓ1-isogenous ℓ2-isogenous

Interesting detection:
Is E 1 defined over Fp? ùñ We detect Zr

?
´ps ãÑ EndpE 1q

Is E2 defined over Fp? ùñ We detect Zr
?

´ps ãÑ EndpE2q

Is E2 » E 1ppq? ùñ We detect Zr
?

´ℓ2ps ãÑ EndpE 1q

16 / 21



Starting point of this ongoing work
From now on, this is joint work with Maria Corte Real Santos, David Jao, Joseph Macula, Michael
Meyer, Travis Morrison, and Eli Orvis.

Delfs-Galbraith Detection

Is there an E 1 defined over Fp such that

E E 1 ?
2-isogenous

ùñ We detect Zr
?

´ps ãÑ EndpE 1q.

SuperSolver Detection

For some ℓ such that costℓ ă cost2.
Is there an E 1 defined over Fp such that

E E 1 ?
ℓ-isogenous

ùñ We detect Zr
?

´ps ãÑ EndpE 1q.

More general configuration:

E E 1 E2

ℓ1-isogenous ℓ2-isogenous

Interesting detection:
Is E 1 defined over Fp? ùñ We detect Zr

?
´ps ãÑ EndpE 1q

Is E2 defined over Fp? ùñ We detect Zr
?

´ps ãÑ EndpE2q

Is E2 » E 1ppq? ùñ We detect Zr
?

´ℓ2ps ãÑ EndpE 1q

16 / 21



Starting point of this ongoing work
From now on, this is joint work with Maria Corte Real Santos, David Jao, Joseph Macula, Michael
Meyer, Travis Morrison, and Eli Orvis.

Delfs-Galbraith Detection

Is there an E 1 defined over Fp such that

E E 1 ?
2-isogenous

ùñ We detect Zr
?

´ps ãÑ EndpE 1q.

SuperSolver Detection

For some ℓ such that costℓ ă cost2.
Is there an E 1 defined over Fp such that

E E 1 ?
ℓ-isogenous

ùñ We detect Zr
?

´ps ãÑ EndpE 1q.

More general configuration:

E E 1 E2

ℓ1-isogenous ℓ2-isogenous

Interesting detection:
Is E 1 defined over Fp? ùñ We detect Zr

?
´ps ãÑ EndpE 1q

Is E2 defined over Fp? ùñ We detect Zr
?

´ps ãÑ EndpE2q

Is E2 » E 1ppq? ùñ We detect Zr
?

´ℓ2ps ãÑ EndpE 1q

16 / 21



Starting point of this ongoing work
From now on, this is joint work with Maria Corte Real Santos, David Jao, Joseph Macula, Michael
Meyer, Travis Morrison, and Eli Orvis.

Delfs-Galbraith Detection

Is there an E 1 defined over Fp such that

E E 1 ?
2-isogenous

ùñ We detect Zr
?

´ps ãÑ EndpE 1q.

SuperSolver Detection

For some ℓ such that costℓ ă cost2.
Is there an E 1 defined over Fp such that

E E 1 ?
ℓ-isogenous

ùñ We detect Zr
?

´ps ãÑ EndpE 1q.

More general configuration:

E E 1 E2

ℓ1-isogenous ℓ2-isogenous

Interesting detection:
Is E 1 defined over Fp? ùñ We detect Zr

?
´ps ãÑ EndpE 1q

Is E2 defined over Fp? ùñ We detect Zr
?

´ps ãÑ EndpE2q

Is E2 » E 1ppq? ùñ We detect Zr
?

´ℓ2ps ãÑ EndpE 1q

16 / 21



Starting point of this ongoing work
From now on, this is joint work with Maria Corte Real Santos, David Jao, Joseph Macula, Michael
Meyer, Travis Morrison, and Eli Orvis.

Delfs-Galbraith Detection

Is there an E 1 defined over Fp such that

E E 1 ?
2-isogenous

ùñ We detect Zr
?

´ps ãÑ EndpE 1q.

SuperSolver Detection

For some ℓ such that costℓ ă cost2.
Is there an E 1 defined over Fp such that

E E 1 ?
ℓ-isogenous

ùñ We detect Zr
?

´ps ãÑ EndpE 1q.

More general configuration:

E E 1 E2

ℓ1-isogenous ℓ2-isogenous

Interesting detection:
Is E 1 defined over Fp? ùñ We detect Zr

?
´ps ãÑ EndpE 1q

Is E2 defined over Fp? ùñ We detect Zr
?

´ps ãÑ EndpE2q

Is E2 » E 1ppq? ùñ We detect Zr
?

´ℓ2ps ãÑ EndpE 1q

16 / 21



New detection tool: OrientationFinder

Theorem

For some primes ℓ1, ℓ2, there exists a precomputable polynomial Rℓ1,ℓ2pX ,Y q P ZrX ,Y s such
that

Rℓ1,ℓ2pjpE q,Y q has an Fp-rational root ðñ ι : Zrωs ãÑ EndpE q is a primitive orientation,

where ω P t
?

´p, 1`
?

´p
2 ,

?
´ℓ2p,

1`
?

´ℓ2p
2 , ℓ1

?
´p, ℓ1

1`
?

´p
2 , ℓ1

?
´ℓ2p, ℓ1

1`
?

´ℓ2p
2 u.

Remarks: it also gives an oriented curve by Zr
?

´ps (Delf-Galbraith) or Zr
?

´ℓ2ps ("New")
The latter corresponds to E E 1 E 1ppq

ℓ1-isogenous ℓ2-isogenous

,i.e. Dφ : E 1 Ñ E 1ppq s.t. degφ “ ℓ2.

Thus, the explicit orientation is Zr
?

´pℓ2s ãÑ EndpE 1q,
?

´pℓ2 ÞÑ φ ˝ π.

These orientations were already studied in [CS22], where the question of such Generalized
Delfs–Galbraith algorithms is raised.
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What are the advantages?
Pros:

The SuperSolver method is included in OrientedSolver,
For each fast subfield root detection, more curves are inspected than in SuperSolver
(pℓ1 ` 1qpℓ2 ` 1q versus ℓ1 ` 1),
We consider multiple special sets of curves, all of cardinality around

?
p, instead of only

one in SuperSolver.
Cons:

Detection is more costly than in SuperSolver,
As in SuperSolver, there is no asymptotic complexity improvement.

Conclusion:
To obtain concrete improvements, we need to compute the optimal set of primes to
consider.

New problems
The previous metric is no longer suitable.

In SuperSolver, we minimize cost :“
# of multiplications over Fp at each step

# of nodes inspected , so

# of multiplications over Fp in Step 1 “ cost ¨
# of curves over Fp2

# of curves over Fp
is minimal.
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Does it really work?
There are around

?
p curves

oriented by Zr
?
ℓ2ps,

for ℓ2 a small prime or 1.

?

Theorem [Wes22]
Given the factorisation of discpZrωsq,
one can compute a curve in SSZrωs

with known endomorphism ring

Complexity of Step 2
with a naive MITM:

Time: Õpp1{4q

Memory: Õpp1{4q

Total complexity:
Time: Õp

?
pq

Memory: Õpp1{4q

Total complexity:
Time: Õp

?
pq

Memory: Õpp1{4q

E

E 1
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E

E 1

A (non-contractual) ℓ-isogeny graph over F̄p. 19 / 21



Does it really work?
There are around

?
p curves

oriented by Zr
?
ℓ2ps,

for ℓ2 a small prime or 1.

?

Theorem [Wes22]
Given the factorisation of discpZrωsq,
one can compute a curve in SSZrωs

with known endomorphism ring

Complexity of Step 2
with a naive MITM:

Time: Õpp1{4q
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Time: Õpp1{4q

Memory: Õpp1{4q
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Time: Õpp1{4q

Memory: Õpp1{4q
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What about the memory?
Let’s adapt low-storage algorithms to this context [GHS02; GS13].

Let v : SSZrωs Ñ L,
with L a generating set of ClpZrωsq.

To walk deterministically:
From jpE q, go to jpE 1q such that
φvpjpEqq : jpE q Ñ jpE 1q.

?

E2Method:
Take Opp1{4q steps from E
(store the path as an ideal a)

Store the last curve E2

Walk from E 1 until
reaching the stored curve E2

(store the path as an ideal b)

From a s.t. φa : E Ñ E2

and b s.t. φb : E 1 Ñ E2,

From a s.t. φa : E Ñ E2

and b s.t. φb : E 1 Ñ E2,
we know φab̄ : E Ñ E 1.

φab̄

E 1

E

Complexity of this step:
Time: Õpp1{4q

Memory: polylogppq

Total complexity:
Time: Õpp1{2q

Memory: polylogppq

A (non-contractual) ℓ-isogeny graph over F̄p

20 / 21
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Time: Õpp1{2q

Memory: polylogppq

A (non-contractual) ℓ-isogeny graph over F̄p

20 / 21



What about the memory?
Let’s adapt low-storage algorithms to this context [GHS02; GS13].

Let v : SSZrωs Ñ L,
with L a generating set of ClpZrωsq.

To walk deterministically:
From jpE q, go to jpE 1q such that
φvpjpEqq : jpE q Ñ jpE 1q.

?

E2Method:
Take Opp1{4q steps from E
(store the path as an ideal a)
Store the last curve E2

Walk from E 1 until
reaching the stored curve E2

(store the path as an ideal b)

From a s.t. φa : E Ñ E2

and b s.t. φb : E 1 Ñ E2,

From a s.t. φa : E Ñ E2

and b s.t. φb : E 1 Ñ E2,
we know φab̄ : E Ñ E 1.

φab̄

E 1

E

Complexity of this step:
Time: Õpp1{4q
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